Abstract-In this paper, we propose a brief and general process to compute the eigenvalue of arbitrary waveguides using meshless method based on radial basis functions (MLM-RBF) interpolation. The main idea is that RBF basis functions are used in a point matching method to solve the Helmholtz equation only in Cartesian system. Two kinds of boundary conditions of waveguide problems are also analyzed. To verify the efficiency and accuracy of the present method, three typical waveguide problems are analyzed. It is found that the results of various waveguides can be accurately determined by MLM-RBF.
INTRODUCTION
For the conducting waveguide problems, there are many diverse numerical procedures to solve the Helmholtz equation. These numerical procedures include traditional and advanced numerical methods, such as finite element method (FEM) [1] , coupled transversemode integral Equation [2] , moment method [3] , finite difference frequency domain method [4] , multipole expansion technique [5] , and the methods of external excitation [6] , of which the interpolation procedure is implemented on a certain regular mesh.
In recent years, meshfree or meshless methods based on a set of independent points have been used to solve the Helmholtz equation.
For example, hybrid boundary-node method [7] , boundary knot method [8] , radial point interpolation method (RPIM) [9] ,meshfree least square-based finite difference method [10] , and Element-free Galerkin (EFG) method [11] , have been applied to the Helmholtz equation. EFG was also applied to the time-domain field problem [12] . Some of these meshless methods were reported to have some advantages: Significantly lower dispersion than the FEM [9] , high convergence rates and high accuracy [7] , and suitable for complicate geometry simulation [8] .
The scattered data interpolation with radial basis functions (RBFs) which was first proposed by Kansa [13] in 1990 are powerful tools in multi-variable approximation.
It has been successfully used to solve various partial differential equations which include the Helmholtz equation of waveguide problems. Zhao proposed a novel conformal meshless method based on RBF coupled with coordinate transformation technique to analyze arbitrary waveguide problems [14] . Elliptical waveguides are computed by meshless collocation method with Wendland RBFs [15] . Waveguide problem in cylindrical system is also solved by using radial basis function (RBF) method [16] . For timedomain Maxwell equations, the RBF method is applied to waveguide eigenvalue problems [17] and transient electromagnetic problems [18] .
The purpose of this paper is to propose a breif and general process of meshless method based on the RBF interpolation technique (MLMRBF) to solve the Helmholtz equation of arbitrary waveguide problems. The proposed MLM-RBF is a weighted residual method that is based on the RBF interpolation technique at a set of independent points and the weighted residual procedure adopts the point matching method. This paper is organized as follows. In Section 2, the RBF interpolation technique and the discretization formulation of Helmholtz equation by MLM-RBF will be described. In Section 3, we will use three typical waveguide problems to validate the proposed method. Section 4 is the conclusion.
RADIAL BASIS FUNCTION MESHLESS APPROACH FOR HELMHOLTZ EQUATION

The RBF Interpolation Method
The unknown function U (r) in the computation domain Ω can be interpolated approximately by a series of RBF: where φ I (r) = φ( r − r I ), is the radial basis function centered at a set of independent points r 1 , . . . , r I , . . . , r N ∈ Ω (also called center nodes, see Fig. 1 ), a I are unknown coefficients to be computed and • represents the Euclidean distance r between the node r and the center node r I .
It's known that node distribution affects the results of the RBF interpolation. In order to obtain the accurate interpolation, nodes in the computation domain Ω need nearly homogeneous distribution; nodes close to and at the boundaries need high density [19] .
According to the range of RBFs' supported domain, RBFs can be classified into two types: The globally supported RBFs and the compactly supported RBFs. In this paper, two global RBFs and one compact RBF are chosen to solve the waveguide problems. They are the global Gaussian RBF with shape parameter c:
the global quintic RBF without shape parameter:
and the compact RBF given by Wu [20] :
where
in which d mI is the radius of supported domain (also called supported parameter) of RBF at the center node r I and
From (1), we can see that the partial derivative of u h (r) is only related to RBF. The first-order partial derivatives of RBF can be expressed as
where p represents x, y or z in Cartesian system and ∂r
in which coe = 1 for global RBFs, while according to (5) , coe = d mI for compact RBFs. The second-order partial derivative of RBF can be expressed as:
∂r ∂p ∂r ∂q
where q represents x, y or z in Cartesian system, and ∂ 2 r/∂p∂q is obtained via (8)
Helmholtz Equation Expressed by MLM-RBF
Suppose that the waveguide boundaries are parallel to the longitudinal z (see Fig. 2 ). The Borgnis' function U (r) satisfies the homogenous scalar Helmholtz equation in two-dimensional (2D) Cartesian system [21] :
where λ 2 = k 2 − k 2 z , k represents the propagation constant, k z represents the longitudinal propagation constant. For the transverse magnetic (TM) mode case, the boundary conditions of U (r) on Γ satisfy
And the boundary conditions of transverse electric (TE) mode satisfy
where ∂n represents the normal derivative on the boundary Γ. Substituting the RBF interpolation function (1) into (11) and two boundary conditions (12) , (13), we get the RBF interpolation formulation of Helmholtz equation
Then, point-matching method is applied to Equation (14) at a set of collocation nodes r 1 , . . . , r J , . . . , r M ∈ Ω (M ≥ N ) (see Fig. 1 ). Thus, we get the discretization formulations of Helmholtz equation of TM and TE modes by MLM-RBFs. They could be written by the matrix formulation:
where the vector coefficient a = [a 1 , . . . , a N ] T , the individual elements of matrix A can be written as in which the ∂ n φ equals to the sum of ∂ x φ and ∂ y φ projected on the normal direction (see Fig. 3 ):
wherex,ŷ, andn are unit vectors in the x-, y-directions, and the normal direction on the boundary Γ respectively. The angle θ is betweenx andn (see Fig. 3 ).
For both TE and TM cases, the individual elements of the matrix B in (15) are
Equation (15) is the generalized eigenvalue equation. When M > N , (15) is M equations in N unknowns, i.e., an overdetermined linear equation; the least square method can be used to solve it. In this study, suppose the collocation nodes locate on the center nodes, i.e., M = N . The eigenpairs λ j , a j , can be computed from (14) , and then substituting a j into (1), the field distribution of the jth-eigenmode can be obtained.
VALIDATION OF THE PROPOSED METHOD
In order to validate the proposed method, three typical waveguide problems are solved in this section: Rectangular waveguide, elliptic waveguide, and triangular waveguide. 
where λ c is the numerical cutoff wavelength by MLM-RBFs and λ c0 is the analytic solution. The results of MLM-RBFs are compared with those of the traditional mesh-based FDM and FEM methods on the condition that the node distribution is the same. For a set of center nodes in the domain Ω, a node parameter h at r I , is defined as the minimum distance between the other nodes and r I , as shown in Fig. 1 . In the global Gaussian RBF case, the shape parameter c influences the pulse width of supported domain. In the compact RBF case, d mI influences the supported domain. So, for convenient analysis, the parameter c of Gaussian RBF needs to be transferred to d mI . Suppose that the truncated boundary is set where the Gaussian RBF degenerates to 5% of its peak value and so the distance r I is set as d mI , as shown in Fig. 4 . From (6), we can get
Usually, let d mI be more than one time of h, so that the supported domain of RBFs at the nodes could be overlaid.
Standard BJ-100 Rectangular Waveguide
The structure of the standard waveguide BJ-100 (22.86 mm × 10.16 mm) is shown in Fig. 5 . Suppose that the nodes distribute Figure 5 . The node distribution of the standard BJ-100 waveguide. Table 1 . From the Table, we can see that relative errors by MLM-RBF for all of the three RBFs are less than those by FDM and FEM. Furthermore, the relative errors by MLM-RBF are even an order of magnitude less than those by FDM and FEM for the higher-order modes after TM 41 . Figure 6 shows the comparision of the curves of relative errors by FDM, FEM, and MLM-RBF in the 60 lowest-order TM modes. From the figure, we can see that the relative errors of three numerical algorithms fluctuate slightly and increase generally as the order of mode increases. In the r 5 RBF and Wu's RBF cases, their relative errors are far less than those of FDM and FEM. The relative errors of Gaussian RBF case are still less than those of FDM and FEM although they change greatly when the order number is over 20. Table 2 shows the results of ten lowest-orders TE modes computed by MLM-RBF, FDM and FEM. We can see that the relative errors for three RBFs' cases are a little less than those of FDM and FEM for most of TE modes. The case of r 5 -RBF without shape parameter is taken as a comparative example, the calculation accuracies of the TE modes are less than those of TM modes. In addition, like TM case, the relative errors by MLM-RBF do not always increase as the order of mode increases.
Elliptical Waveguide
In this section, the elliptical waveguide with curved boundary (see Fig. 7 ) is solved. Let long axis b = 1 and the eccentricity e = 0.5. The conformal node distribution fitting naturally the curved boundaries is adopted, as shown in Fig. 7 . Let the number of node layer from center point to outer boundary be 10, and node distance on each layer be equal to layer distance h. Suppose the node distribution is the same as that of the FEM.
There are four types of propagation mode: TM cm , TM sm , TE cm and TE sm in elliptical waveguide, which are the hybrid modes of the linear combination of TM and TE modes in elliptical waveguide [22] . The subscripting symbol c, s represent odd mode and even mode in the hybrid modes respectively. The solution of ten lowest-order hybrid modes are computed by the modified continued fractional method [22] . In this paper, these hybrid modes are calculated directly by the TM and TE discretization formulation of MLM-RBF in Cartesian system. Table 3 shows the results of ten lowest-orders hybrid modes computed by MLM-RBF and FEM. From the table, we can see that the relative errors of MLM-RBF are less than those of FEM for most of hybrid modes, especially for TM c,s mode cases whose accuracy is far greater than that of FEM. And the relative errors of TM c,s modes are far less than those of TE c,s modes. In three RBFs cases, the Gaussian RBF case has the maximum calculation accuracy, the relative errors of eight higher modes are less than 0.1% for TM c,s or TE c,s modes. Therefore, Gaussian RBF with a appropriate control parameter d mI is a better choice to solve the elliptical waveguide using MLM-RBF. Here, we just take TE c31 and TE s31 for example to show the field distribution by RBF-MLM with the global r 5 -RBF, as shown in Fig. 8 . It can be seen that the field distribution perfectly represents the physical modes. Although the field distribution of both modes is similar, there is some little difference.
Right-angle Triangle Waveguide
In this section, triangle waveguide with two sharp-angled boundaries is calculated by MLM-RBF. The structure and node distribution of right-angle triangle waveguide is shown in Fig. 9 . Let the height of triangle waveguide h t = 1 and the node number in each direction be 25. Suppose the node distribution is the same as that of FEM. In this example, only one global r 5 -RBF is chosen to compute the eight lowest-order TM and TE modes of triangle waveguide.
The analytic cutoff wavelength of TM and TE modes in triangle waveguide is given by [23] as follows
(r J ) Table 4 The results of the eight lowest-order TE modes of the triangle waveguide by MLM-RBF and FEM are shown in Table 5 . Like TM case, we can see that the relative errors of MLM-RBF are less than those of FEM and there exist redundant solutions. In addition, in this waveguide case, the relative errors of MLM-RBF are far less than those of FEM for all TE modes, which is obviously different from the former two waveguide cases in which the relative errors of MLM-RBF are close to those of FEM and FDM. It is because node density of triangle waveguide is far more than the former two that the high convergence rate and high accuracy could be obtained [7] .
About the algorithm complexity of the present method, from (16) and (7)- (10), we can see that each element of matrix A require about twenty multiplications for r 5 RBF case (more than 20 for the other RBFs). In addition, the non-zero elements for each matrix column equal to the number of collocation node in the supported domain of the center node. Usually, the supported domain of RBF expands more than one node, even above ten nodes. Thus, the present algorithm complexity is much more than FEM and FDM.
CONCLUSION
In this paper, MLM-RBF has been applied to solve the scalar Helmholtz equation in Cartesian system. The global Gaussian, r 5 and compact Wu's RBFs are used to compute the cutoff wavelength of three specific waveguide problems. To analyze the accuracy of proposed method, the node distribution of meshless method is set the same as the those of mesh-based FDM and FEM.
In rectangular waveguide case, by comparing the results of MLM-RBF with those of FDM and FEM, higher accuracy can be seen in both TM and TE modes by the proposed method with all three RBF cases. The calculation errors of MLM-RBF increase generally as the order of mode increases like FDM and FEM.
In elliptical waveguide case, under the natural conformal node distribution, the results of RBF-MLM for three RBFs cases have very higher calculation accuracy than those of FEM. The Gaussian RBF case has the highest calculation accuracy in three RBFs cases.
In right-angle triangle waveguide case, the results of MLM-RBF with r 5 -RBF are in agreement with the analytic solutions. For most of the modes, the relative errors of MLM-RBF are far less than those of FEM. However, there are some pseudo solutions in both MLM-RBF and FEM.
In three typical waveguide problems, the field distributions of TE and TM modes perfectly represents the physical mode distribution, which shows that the field distributions could be correctly calculated by the proposed method. The calculation accuracy of MLM-RBF is greater than that of mesh-based FDM and FEM, especially for the Dirichlet problem of waveguides. However, the calculation amount of MLM-RBF is more than that of FEM and FDM. The present process of MLM-RBF is a brief and general meshless method, which can be flexibly applied to compute the eigenvalues of arbitrary waveguides.
